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Rational and higher algebraic values of the cosine function have been
of much interest for quite some time, cf. [3, 2, 5, 6]. As early as 1933,
D. H. Lehmer, [3], proved that if k/n, n > 2, is an irreducible fraction,
then 2 cos(2πk/n) is an algebraic integer of degree ϕ(n)/2, where ϕ(n)
is the Euler’s totient function. Lehmer’s proof makes use of cyclotomic
polynomials. As a consequence, we have ([4, Theorem 6.16, pp. 308309]): let θ = rπ be a rational multiple of π. Then cos θ is irrational
except when cos θ = 0, ±1/2,
√ ±1. Recently, Varona, [6], proved that if
r ∈ Q ∩ [0, 1], then arccos( r) is a rational multiple of π if and only if
r ∈ {0, 1/4, 1/2, 3/4, 1}. His proof is elementary and is similar to the
proof of [1, Theorem 4, p. 32].
Our objectives here are:
• to use elementary trigonometric identities to find all nonnegative rational and and some quadratic values of the cosine function at rational multiples of π extending the result in [6];
• to use Lehmer’s results in [3] to determine all algebraic cosine
values at rational multiples of π;
• to explicitly work out all algebraic cosine values of degree less
than 5 at rational multiples of π.
The research was partially supported by the Thailand Research Fund
through the Royal Golden Jubilee Ph.D. Program (Grant No. PHD/
0022/2552).

References
[1] M. Aigner and G. M. Ziegler, Proofs from THE BOOK, Springer, Berlin,
1998.
[2] R. W. Hamming, The transcendental character of cos x, Amer. Math.
Monthly 52(6)(1945), 336–337.
[3] D.H. Lehmer, A note on trigonometric algebraic numbers, Amer. Math.
Monthly 40(1933) pp. 165–166.
[4] I. Niven, H.S. Zuckerman and H.L. Montgomery, An Introduction to
the Theory of Numbers, 5th ed., Wiley, New York, 1991.
[5] J.M.H. Olmsted, Rational values of trigonometric functions, Amer. Math.
Monthly 52(9)(1945), 507–508.
[6] J. L. Varona, Rational values of the arccosine function, Central European J.
Math. 4(2)(2006), 319–322.
1

Department of Mathematics, Kasetsart University, Bangkok 10900,
Thailand
E-mail address: fscivil@ku.ac.th; pinthira12@hotmail.com

2

